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FOREWORD 
The p r e s e n t  r e p o r t  d e s c r i b e s  ex tens ions  t o  and g e n e r a l i z a t i o n s  o f  a r a d i a -  
t i o n  t r a n s p o r t  c a l c u l a t i o n  procedure  developed ove r  a p e r i o d  of s e v e r a l  years a t  
f i r s t  t h e  Aerotherm Corpora t ion ,  t hen  t h e  Aerotherm D i v i s i o n  of t h e  Acurex Cor- 
p o r a t i o n ,  Mountain V i e w ,  C a l i f o r n i a .  The i n i t i a l  e f f o r t  w a s  done under C o n t r a c t  
NAS9-6719 f o r  t h e  NASA Manned S p a c e c r a f t  Center ,  S t r u c t u r e s  and Mechanics Divi-  
s i o n .  Th i s  e f f o r t  i nc luded  t h e  development of t h e  b a s i c  r a d i a t i o n  p r o p e r t i e s  
and t r a n s p o r t  models. A subsequent  e f f o r t  was performed under Con t rac t  NAS1-9399 
f o r  Langley Research Cen te r ,  Applied M a t e r i a l  and Phys ic s  D i v i s i o n .  On t h i s  e f -  
f o r t ,  an e q u i l i b r i u m  chemis t ry  c a p a b i l i t y  w a s  i n c o r p o r a t e d  i n t o  t h e  procedure .  
The p r e s e n t  e f f o r t  w a s  performed under Con t rac t  NAS1-12,160 f o r  t h e  Langley R e -  
s e a r c h  C e n t e r ,  Space Systems Div i s ion .  On t h i s  e f f o r t  t h e  r a d i a t i o n  t r a n s -  
p o r t  p rocedure  was g e n e r a l i z e d  t o  a l low t h e  e q u i v a l e n t  wid th  approximat ion ,  mo- 
l e c u l a r  s p e c i e s  p r o p e r t i e s  a s s o c i a t e d  wi th  t h e  Te f lon  and S i l i c o n  sys t ems  were 
added t o  t h e  r a d i a t i o n  model and t h e  manner i n  which t h e  f a r  wings of t h e  hydro- 
gen l i n e s  are c a l c u l a t e d  was modif ied.  
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RAPID METHODS FOR CALCULATING 
RADIATION TRANSPORT I N  THE 
ENTRY ENVIRONMENT 
W i l l i a m  E .  Nicolet  
Acurex Corpora t ion  
SECTION 1 
INTRODUCTION 
The a b i l i t y  t o  p r e d i c t  r a d i a n t  energy t r a n s p o r t  is  r e q u i r e d  i n  o r d e r  t o  
unde r s t and  t h e  h e a t i n g  phenomena a s s o c i a t e d  w i t h  bod ie s  e n t e r i n g  p l a n e t a r y  atmo- 
sphe res  a t  h igh  v e l o c i t i e s .  The r a d i a t i o n  t r a n s p o r t  i s  impor t an t  b o t h  as an  
energy s o u r c e  i n  d i r e c t  thermal  c o n t a c t  and i n d i r e c t l y  through t h e  coupl ing  be- 
tween it a t  t h e  thermal  boundary l a y e r .  Q u a n t i t a t i v e  p r e d i c t i o n s  of r a d i a t i v e  
t r a n s p o r t  under  t h e s e  c o n d i t i o n s  r e q u i r e  frequency dependent  p r o p e r t i e s  of t h e  
r a d i a t i n g  s p e c i e s ,  a f requency dependent  t r a n s p o r t  model and a method f o r  pre-  
d i c t i n g  t empera tu res  and s p e c i e s  mole f r a c t i o n s ,  g iven  t h e  thermodynamic s t a t e  
c o n d i t i o n s .  
I n  a p r i o r  s tudy  (Reference l), a procedure w a s  developed f o r  t h e  p re -  
d i c t i o n  o f  t h e  a p p r o p r i a t e  thermodynamic equ i l ib r ium and r a d i a t i o n  t r a n s p o r t  
e v e n t s .  This  model has  s u f f i c i e n t  accuracy  and r e q u i r e s  modest computa t iona l  
e f fo r t s  f o r  a p p l i c a t i o n s  where it i s  n o t  coupled t o  a flow f i e l d  procedure  such 
a s  t h a t  o f  S u t t o n  (Reference 2 ) .  For  t h e  coupled a p p l i c a t i o n ,  t h e  r a d i a t i o n  
t r a n s p o r t  has t o  be e v a l u a t e a  a t  space  s tdc iv i ib  ( d i u ~ i y  Lilt: budy) aiid a i  every 
( o r  a good f r a c t i o n  t h e r e o f )  i t e r a t i o n .  Such requirements  can cause  t h e  t o t a l  
computa t iona l  t i m e  t o  be measured i n  h o u r s ,  even w i t h  modern computers .  The 
purpose of  t h e  p r e s e n t  s tudy  i s  t o  modify t h e  e x i s t i n g  (Reference  1) r a d i a t i o n  
t r a n s p o r t  model t o  s i g n i f i c a n t l y  reduce  t h e  computing e f f o r t s  w h i l e  ma in ta in ing  
a c c e p t a b l e  accuracy .  
The r a d i a t i o n  p r o p e r t i e s  model i s  reviewed i n  S e c t i o n  2 ;  f i n i t e  d i f f e r e n c e  
and e q u i v a l e n t  w id th  approaches f o r  t h e  l i n e  t r a n s p o r t  e v e n t s  are formula ted  i n  
S e c t i o n  3 ;  a x a t r i x  of  c a l c u l a t i o n s  i s  p resen ted  i n  S e c t i o n  4 ;  and concluding  
r e m a r k s  a r e  p r e s e n t e d  i n  S e c t i o n  5 .  The c a l c u l a t i o n s  p re sen ted  i n  S e c t i o n  4 
i l l u s t r a t e  t h e  advantage  i n  computing e f f o r t  ob ta ined  and t h e  t r a d e - o f f s  a g a i n s t  
accuracy  which are  r e q u i r e d .  
SECTION 2 
RADIATION PROPERTIES 
The r a d i a t i o n  p r o p e r t i e s  model i s  based on t h a t  o f  N i c o l e t  (Reference  1). 
Two e s s e n t i a l  approximat ions  are r e t a i n e d ,  t he  b a n d l e s s  molecular  band system 
and t h e  l i n e  group approximat ion  f o r  t h e  atomic l i n e s .  The p r e s e n t  model 
d i f f e r s  from t h a t  of Reference 1 i n  t h e  t r ea tmen t  o f  t h e  h a l f  wid ths  of some 
o f  t h e  hydrogen l i n e s ,  a s  w i l l  be d i s c u s s e d  subsequent ly .  
Molecular  Band Model 
The bands w i t h i n  each  band sys t em a r e  smeared acco rd ing  t o  t h e  scheme 
- U V  = j -  I-rvdv/Av 
A v  
where t h e  Av a r e  s e l e c t e d  such t h a t  t h e  Fv v a r i e s  smoothly.  
ob ta ined  i n  t h i s  f a s h i o n  i s  f e l t  t o  be  s a t i s f a c t o r y  f o r  r a d i a t i o n  h e a t i n g  ca l cu -  
l a t i o n s .  
The "band les s  model" 
Atomic and I o n i c  Line Model 
The l i n e  qroup approximation i s  employed t o  s i m p l i f y  t h e  c a l c u l a t i o n .  
The f requency  range  of i n t e r e s t  i s  d i v i d e d  i n t o  a number of f requency  i n c r e -  
ments - 15 t o  20  o r  t he reabou t .  These a r e  not n e c e s s a r i l y  connected.  Each 
one d e f i n e s  a s  a l i n e  group t h o s e  l i n e s  which are c e n t e r e d  w i t h i n  it. The l i n e  
c o n t r i b u t i o n  a t  a f requency  p o i n t  w i t h i n  a frequency increment  i s  o b t a i n e d  by 
c o n s i d e r i n g  o n l y  t h o s e  l i n e s  w i t h i n  i t s  group. Th i s  approximat ion  i s  v a l i d  
u n l e s s  a l l  t h r e e  of t h e  fo l lowing  c o n d i t i o n s  a r e  s a t i s f i e d :  
1. The p a t h  l e n g t h s  a r e  s u f f i c i e n t l y  long  and t h e  e l e c t r o n  d e n s i t i e s  
s u f f i c i e n t l y  h igh  t o  l e a d  t o  b l a n k e t i n g  
2 .  The l i n e  group boundar ies  a r e  placed i n  between c l o s e l y  spaced l i n e s  
3 .  The continuum i n t e n s i t i e s  a r e  no t  a l r e a d y  b l a c k  body 
I n  a d d i t i o n ,  t h e  l i n e  group approximation becomes i n a c c u r a t e  f o r  ex t remely  long 
p a t h  l e n g t h s  where t h e  e q u i v a l e n t  wid th  o f  an i s o l a t e d  l i n e  can become g r e a t e r  
t h a n  t h e  wid th  of t h e  l i n e  group.  Th i s  occurs  f r e q u e n t l y  i n  hydrogen r i c h  
a tmospheres  where t h e  wings of each  of t h e  four  s t r o n g e r  hydrogen l i n e s  (Lyman 
3 
alpha and beta and Balmer alpha and beta) can significantly exceed the boundaries 
of its line group. This problem is solved by assigning the far wing contribu- 
tions to the continuum. The sketch illustrates the conditions where the line 
group approximation is valid (Figure la), introduces small errors (Figure lb) 
and significant errors (Figure lc). 
T R U N C A T E D  
S P E C T R A  
A C T U A L  
C 0 NT I N U  U M  
Figure 1. Intensities in the Line Group Approximation 
Molecular Band Properties 
The uv values are from the calculations of Woodward (Reference 31 ,  
Biberman and Mnatsakanyan (Reference 4) and other reliable sources. 
Band systems are included for N2 
Runge) , NO (y ,  B ,  6 and E )  , N2 (1-) , CN (Red and Violet) , C 2  (Swan, 
Freymark and Mulliken), H 2  (Lyman and Werner) and CO ( 4 + ) ,  all from the 
compilation of Nicolet (Reference 1). To this set, contributions have 
been added for the C3 Swings band system, the Si0 A'n-X'C band system 
and the CF A2C+-X211 band systems. 
The radiation properties model employs a C 3  Swings band cross 
section of 3x10-" cm2 which extends across the 3.0  to 3 .5  ev region 
and which is temperature independent. This is consistent with the 
data of Brewer and Engelke (Reference 5)  obtained in a furnace. Sufficient 
ficient information is not available to allow accurate extention of this 
data to high temperatures. The use of the low temperature cross sections 




should be viewed as a method for obtaining estimates for the high temperature 
C3 contribution. 
from curve fits to radiation data generated with the Patch, Shackleford, 
and Penner "smeared line model" (Reference 6 ) ,  employing an f-number 
(of .0167) and Franck-Condon factors obtained from Wentink and Isaacson 
(Reference 7 ) .  A sufficient set of molecular structure constants is 
available from the studies by Andrews and Barrow (Reference 8 ) ,  Porter, 
Mann, and Acquista (Reference 9)  and. Thrush and Zwolenik (Reference 10). 
+ The contribution of the CF A2C -X211 molecular band systems are 
+ The contributions of the Si0 A'II-X'C molecular band system are 
also from curve fits to radiation properties generated with the smeared 
line model. The Si0 f-number ( of .13) is from the study of Smith and 
Liszt (Reference 111, while the Franck-Condon factors are from the study 
of Liszt and Smith (Reference 12). 
Atomic Line Properties 
With one exception, the hydrogenic lines considered individually 
employ line shapes from the studies of Griem (Reference 13) which consider 
electron and ion impact broadening. The exception is the half width 
relation for the high hydrogenic lines, derived originally as 
which was found to be inapplicable to many of the conditions encountered 
during entry into the large planets. The problem was found in Griem's use 
of a small argument expansion of an exponential integral during the 
original derivation. The elimination of the expansion yielded 
( n i  + n;) 
T 1/2 




and 4nNe e fi n t  - 
'min - - ( kT ) 3me 
which a r e  s u i t a b l e  f o r  numerical  e v a l u a t i o n .  
Line p r o p e r t i e s  a r e  p re sen ted  i n  Tables  A . 1 ,  A . 2 ,  and A . 3  i n  t h e  ap- 
pendix f o r  a r a d i a t i o n  model s u i t a b l e  f o r  e n t r y  c a l c u l a t i o n s  f o r  most of t h e  
atmospheres  sugges ted  f o r  J u p i t e r ,  S a t u r n  and Uranus, and a second r a d i a -  
t i o n  model which i s  s u i t a b l e  f o r  Venus i s  p r e s e n t e d  i n  Table  A . 4 .  Some of 
t h e  ha l f -wid th  d a t a  were ob ta ined  by estimate and a r e  p re sen ted  i n  paren-  





The b a s i c  e q u a t i o n  governing t h e  t r a n s f e r  of r a d i a t i o n  through a medium 
i n  l o c a l  thermodynamic e q u i l i b r i u m  can be w r i t t e n  a s  
where I 
l e n g t h ,  u t  i s  t h e  a b s o r p t i o n  c o e f f i c i e n t  c o r r e c t e d  f o r  induced e m i s s i o n ,  v i z .  
i s  t h e  s p e c t r a l  i n t e n s i t y ,  Bv i s  t h e  Planck f u n c t i o n ,  S i s  t h e  r a y  
V 
~.r; = u v  [l - exp(-hv/kT) I 
and p i s  t h e  o r d i n a r y  a b s o r p t i o n  c o e f f i c i e n t .  
V 
I n  computing r a d i a t i o n  f l u x e s  a c r o s s  boundary and/or shock l a y e r s ,  it is  
convenient  t o  make t h e  t a n a e n t  s l a b  approximation. Thus, t h e  p r o p e r t i e s  a long  
any r a y  can b e  r e l a t e d  t o  t h o s e  along t h e  normal c o o r d i n a t e  ( y )  by a p p l y i n g  a 
c o s i n e  t r a n s f o r m a t i o n ,  as shown i n  F i g u r e  2.  The r e s u l t i n g  e x p r e s s i o n s  f o r  t h e  
o p t i c a l  d e p t h ,  d i r e c t i o n a l  f l u x e s  and t o t a l  f l u x  a r e  w e l l  known and can b e  w r i t -  
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F i g u r e  2 .  Radiating Layer  G e o m e t r y  
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where a d i f f u s e  w a l l  ha s  been assumed ( r e f l e c t a n c e  r: and emi t t ance  E:) and 
where E V  and JI are t h e  b l a c k  body emiss ive  power and w a l l  r a d i o s i t y ,  respec- 
t i v e l y ,  and are  d e f i n e d  as 
Ev = TB 
V 
F i n a l l y ,  t h e  e m i s s i v i t i e s  (E:) a r e  
(7) 
where t h e  t are dummy v a l u e s  of o p t i c a l  depth  and t h e  &n(x)  f u n c t i o n s  are 
e x p o n e n t i a l  i n t e g r a l s  of o r d e r  n. 
V 
The e x p o n e n t i a l  approximation can be  used t o  f u r t h e r  s i m p l i f y  t h e  equa- 
t i o n s  w i t h o u t  an a p p r e c i a b l e  loss  i n  accuracy f o r  r e e n t r y  problems.  I t  i s  
known (see Reference 1 4  f o r  example) t h a t  when t h e  approximation 
i s  made, t h e  t r a n s p o r t  s o l u t i o n s  are e x a c t  i n  t h e  o p t i c a l l y  t h i n  l i m i t ,  and of  
s a t i s f a c t o r y  accuracy  i n  t h e  o p t i c a l l y  t h i c k  l i m i t .  Thus,  t h e  e m i s s i t i v i t e s  
become 
which are more convenient  t o  work w i t h  than  t h o s e  g iven  by Equat ion  ( 5 ) .  
E m i s s i v i t i e s  w r i t t e n  i n  t h i s  form have t h e  a d d i t i o n a l  advantage t h a t  by s u r p r e s -  
s i n g  t h e  f a c t o r  of 2 i n  t h e  e x p o n e n t i a l  arguments and r e p l a c i n g  E by B i n  
Equat ions  ( 4 )  and ( 5 ) ,  t h e  same fo rumla t ion  can be  used t o  c a l c u l a t e  i n t e n s i t i e s .  
A d d i t i o n a l  s i m p l i f i c a t i o n  can be  ob ta ined  f o r  c e r t a i n  t y p e s  of  problems 
by employing a d e n s i t y  s t r e t c h e d  c o o r d i n a t e  system. In t roduc ing  t h e  
t r a n s f o r m a t i o n  
9 
5dn = P dy ( 1 2 )  
where 
y i e l d s  
f o r  t h e  o p t i c a l  dep th .  Here, t h e  m a s s  a b s o r p t i o n  c o e f f i c i e n t  
h a s  been in t roduced .  A f i n a l  t r a n s f o r m a t i o n  of  t h e  form 
i n t r o d u c e s  an o p t i c a l  depth  v a r i a b l e  which can  be  used d i r e c t l y  as t h e  exponen- 
t i a l  argument i n  Equat ion (11). 
Before e v a l u a t i n g  t h e  t r a n s p o r t  i n t e g r a l s ,  i t  i s  advantageous t o  s e p a r a t e  
them i n t o  l i n e  and continuum ' p a r t s .  
(1) optimum c o o r d i n a t e s  can be s e l e c t e d  i n  f requency space  f o r  t h e  f i n i t e  d i f -  
f e r e n c e  e v a l u a t i o n  of  t h e  f l u x e s  o r  ( 2 )  t h e  t r a n s p o r t  i n t e g r a l s  assume a form 
which i s  s u i t a b l e  f o r  approximate e v a l u a t i o n  by t h e  e q u i v a l e n t  wid th  method 
and ( 3 )  an assessment  of t h e  importance o f  l i n e  e f f e c t s  i s  e a s i l y  made from t h e  
r e s u l t s  of each g iven  s e t  of c a l c u l a t i o n s .  S u b s t i t u t i n g  p v  ( o r  K ~ )  f o r  uU i n  
Equat ions  (2) t o  ( 5 )  y i e l d s  cor responding  v a l u e s  f o r  7; and Fv .  where t h e  i s i g n s  
have been dropped from t h e  l a t t e r  f o r  b r e v i t y .  The l i n e  c o n t r i b u t i o n s  t o  t h e  
f l u x  are ob ta ined  by d i f f e r e n c e  
Th i s  o f f e r s  s e v e r a l  advantages  i n  t h a t  
C C 
C 
FL E Fv - FZ 
V 
where t h e  F v a l u e s  a r e  e v a l u a t e d  us ing  t h e  t o t a l  a b s o r p t i o n  c o e f f i c i e n t  ( l i n e  
p l u s  cont inuum).  Thus, t h e  l i n e  c o n t r i b u t i o n  i s  t r e a t e d  as a c o r r e c t i o n  t o  t h e  
continuum f l u x .  * 
* I t  should  be noted  t h a t  t h e  l i n e  c o n t r i b u t i o n s  d e f i n e d  by Equat ion  (15) can 
be  nega t ive  f o r  noniso thermal  l a y e r s .  
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F i n i t e  D i f f e rence  E v a l u a t i o n  of Line  F luxes  
I n  the e v a l u a t i o n  of  the t r a n s p o r t  i n t e g r a l s ,  it i s  assumed t h a t  t h e  loga- 
r i t h m  of  t h e  i n t e g r a n d s  can  be  r e p r e s e n t e d  as l i n e a r  f u n c t i o n s  of  t h e  independent  
v a r i a b l e s  between a d j a c e n t  s p a t i a l  nodes.  Thus, t h e  mass a b s o r p t i o n  c o e f f i c i e n t s  
become ( suppres s ing  v s u b s c r i p t s  f o r  b r e v i t y )  
and t h e  b l a c k  body emiss ive  powers can  be w r i t t e n  as s i m i l a r  f u n c t i o n s  o f  t h e  
o p t i c a l  dep ths .  S u b s t i t u t i n g  t h e  i n t e r p o l a t i o n  f u n c t i o n s  i n t o  Equat ions  ( 3 )  
t o  ( 1 4 )  and per forming  t h e  i n t e g r a t i o n s  y i e l d s  t h e  increment  i n  t h e  e x p o n e n t i a l  
argument 
and r e c u s i o n  formulas  f o r  t h e  d i r e c t i o n a l  f l u x e s  
A -  
LL ‘i , i+l E . e  -ATi,i+l + + 1 
Fi+l 
+ En - i A T  + Fi = e 
1 
These e q u a t i o n s  are e a s i l y  e v a l u a t e d  w i t h  two sweeps a c r o s s  L e  rat 
(19 1 
i a t i n g  l a y e r  
provided  t h a t  on ly  one boundary i s  r e f l e c t i n g .  
d i r e c t i o n a l  f l u x e s  a t  eve ry  node a c r o s s  the l a y e r ,  c o n s i s t e n t  w i t h  t h e  coupl ing  
requi rements  o f  most f low f i e l d  procedures .  Computa t iona l ly ,  t h e  use  of  t h e  
r e c u r s i o n  formulas  i s  much s u p e r i o r  t o  a d i r e c t  e v a l u a t i o n  of Equat ions  ( 4 )  
and ( 5 )  and,  under  c e r t a i n  c i r cums tances ,  comparable t o  t h e  approximate e q u i v a l e n t  
The e v a l u a t i o n  y i e l d s  b o t h  
11 
wid th  approach,  bo th  of which r e q u i r e  a sweep a c r o s s  t h e  r a d i a t i n g  l a y e r  f o r  
each p a i r  of f l u x e s  of i n t e r e s t .  Moreover, t h e  r e c u r s i o n  formulas  are s u i t a b l y  
s imple  t o  be a p o i n t  of d e p a r t u r e  f o r  t h e  development of i n f l u e n c e  c o e f f i c i e n t s  
( p a r t i a l  d e r i v a t i v e s )  r e q u i r e d  f o r  some f low f i e l d  coup l ing  p rocedures .  I n  
view of  t hese  c o n s i d e r a t i o n s ,  they  w e r e  s e l e c t e d  f o r  numer ica l  e v a l u a t i o n .  
Equat ions ( 1 7 )  t o  ( 1 9 )  a r e  t o  be  e v a l u a t e d  a t  a number of f requency  p o i n t s  
s e l e c t e d  t o  adequa te ly  d e s c r i b e  t h e  v a r i a t i o n  of t h e  spectrum. I n  t h e  case of 
a tomic l i n e s ,  t h e  number i s  t y p i c a l l y  1500  f requency p o i n t s  ( 1 0 0  l i n e s  wi th  
15  p o i n t s  per  l i n e ) ,  which i s  l a r g e  enough t o  cause  t h e  e v a l u a t i o n  of  t h e  l i n e  
i n t e g r a l s  t o  dominate  t h e  computa t iona l  e f f o r t .  
T o  o b t a i n  t h e  maximum accuracy  f o r  a g iven  computa t iona l  e f f o r t ,  a f r e -  
quency g r i d  must be  s e l e c t e d  f o r  each l i n e  and should  be  dependent  upon t h e  
c h a r a c t e r i s t i c s  of t h e  l a y e r  as w e l l  as t i le i n d i v i d u a l  l i n e .  Th i s  i s  accomplished 
by i n t r o d u c i n g  a parameter  r$ whirh i s  c h a r a c t e r i s t i c  of t h e  wid th  of  t h e  l i n e  
(and w i l l  be d i s c u s s e d  f u r t h e r  i n  a subsequent  paragraph)  t o  s t r e t c h  t h e  coor-  
d i n a t e  system. The s m a l l e s t  increment  and t h e  d i s t a n c e  t o  t h e  most remote noda l  
p o i n t  are de f ined  by Equat ions  ( 2 0 )  and (21), r e s p e c t i v e l y ,  where G = I L ,  - 
v C  I 
6 G o  = zl$ ( 2 0 )  
The q u a n t i t i e s  z1 and z 2  are s e l e c t e d  a r b i t r a r i l y  and a r e  u s u a l l y  t a k e n  t o  be  
0 . 5  and 1 0  ( r e s p e c t i v e l y ) ,  on t h i s  o r d e r .  The i n t e r m e d i a t e  nodal  p o i n t s  are  
e s t a b l i s h e d  us ing  a growth l a w ,  v i z .  
where t h e  nodal spac ing  i n c r e a s e s  ( i n c r e a s i n g  s u b s c r i p t  j )  w i t h  i n c r e a s i n g  
d i s t a n c e  from t h e  c e n t e r  of t h e  l i n e .  The growth f a c t o r  z i s  de termined  i rnpl ic-  
i t l y  from the  r e l a t i o n  
where N i s  t h e  number of increments  t o  be  used .  Usua l ly ,  t h e  c e n t e r  of  t h e  l i n e  
and about  5 to  7 a d d i t i o n a l  p o i n t s  i n  each d i r e c t i o n  from it are s u f f i c i e n t .  
1 2  
The s t r e t c h i n g  parameter  0 i s  de f ined  by Equat ion  ( 2 4 ) .  
where t h e  ( h a l f )  h a l f  wid th  y ( y )  i s  eva lua ted  a t  a p a r t i c u l a r  s p a t i a l  l o c a t i o n  
( u s u a l l y  as a n  edge c o n d i t i o n )  and T i s  the  o p t i c a l  dep th  of t h e  e n t i r e  l a y e r  
a t  t h e  f requency  of t h e  c e n t e r  of  t h e  l i n e .  I t  can be  shown t h a t  0 has  t h e  f o l -  
lowing p r o p e r t i e s :  
C 
T + o  
C 
Tha t  i s ,  t h e  @I i s  t h e  d i s t a n c e  i n  f requency space from t h e  c e n t e r  of t h e  l i n e  t o  
t h e  h a l f  i n t e n s i t y  p o s i t i o n  when t h e  l i n e  is weak, and i t  i s  approximate ly  t h e  
d i s t a n c e  t o  t h e  frequency a t  which t h e  l a y e r  h a s  u n i t  o p t i c a l  dep th  when t h e  
l i n e  i s  s t r o n g .  A t  i n t e r m e d i a t e  v a l u e s  of T ~ ,  4 should  a l s o  be  a r e a s o n a b l e  
approxirnat ion t o  t h e  wid th  of t h e  l i n e .  Equat ions ( 2 0 )  t o  ( 2 5 )  s p e c i f y  t h e  l i n e  
f requency  g r i d .  
E q u i v a l e n t  Width Eva lua t ion  o f  Line  F luxes  
Cons ide r  t h e  a b s o r p t i o n  c o e f f i c i e n t  i n  a narrow s p e c t r a l  r e g i o n  6 v  which 
c o n t a i n s  an absorb ing  l i n e .  I f  S v  i s  s u f f i c i e n t l y  s m a l l ,  t h e  continuum con t r ibu -  
t i o n  t o  t h e  a b s o r p t i o n  c o e f f i c i e n t  pc  can be approximated as 
and t h e  P lanck  f u n c t i o n  can be  approximated as  
w i t h  l i t t l e  loss i n  accuracy .  I f  6 v  i s  a l s o  s u f f i c i e n t l y  wide t o  c o n t a i n  t h e  
l i n e ,  t h e  inc remen ta l  c o n t r i b u t i o n  t o  the f lux*  d i r e c t e d  toward the w a l l  i s ,  i . e .  
*The remainder  of t h i s  d i s c u s s i o n  w i l l  focus on t h e  e v a l u a t i o n  of t h e  r a d i a t i o n  
f l u x ,  b u t  is also applicable t o  t h e  e v a l u a t i o n  of t h e  i n t e n s i t y .  
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can b e  w r i t t e n  a s  
where t h e  continuum component has  i t s  u s u a l  d e f i n i t i o n  
and where 
AFc(0) + = 6v 1" Ee-'c d t c  
0 
= K / y  ucdy 
0 C 
i s  t h e  space  c o o r d i n a t e  measured from t..e p o i n t  a t  whit-- t h e  
t o  be  eva lua ted .  The l i n e  component can  be  expres sed  as 
w ( 0 )  
A F L ( 0 )  + = 1 EdW' 
0 
where t h e  l i n e  e q u i v a l e n t  wid th  h a s  been in t roduced  
where 
( 2 8 )  
(29)  
AX i s  
b u t  no a d d i t i o n a l  approximations w e r e  imposed. The f requency  i n t e g r a t i o n s  
i m p l i c i t  i n  Equat ion  ( 3 0 )  can be  e v a l u a t e d  a n a l y t i c a l l y  f o r  two i n t e r e s t i n g  c a s e s .  
Thus,  Equat ion ( 3 0 )  reduces  t o  
r\, 
+ Y '  
A F ~  l o p t i c a l l y  = l Y E d [  exp(-?c)  Sdy"] 
t h i n  0 0 
( 3 3 )  
1 4  
f o r  an i s o l a t e d ,  o p t i c a l l y  t h i n  l i n e ,  Likewise, it reduces  t o  
; 
+ = 2 Ed[ exp(-?;c) f i Y i ~ d y ' '  I 
0 0 
*FP. I s t r o n g  
l i n e  
f o r  a n  i s o l a t e d  s t r o n g  l i n e . *  
I n  t h e  Curtis-Godson approximation,  t h e  a c t u a l  r a d i a t i n g  l a y e r  i s  
r e p l a c e d  by a homogenous l a y e r  which h a s  approximately e q u i v a l e n t  t r a n s p o r t  
e v e n t s .  
and a h ,  where Eh i s  t h e  homogenous b l ack  body emiss ive  power and t h e  o t h e r  
two are d e f i n e d  as 
The homogenous l a y e r  i s  c h a r a c t e r i z e d  by t h r e e  parameters  E h ,  Xh 
( 3 4 )  
where d i s  the  mean l i n e  spac ing  and w i l l  be d e f i n e d  subsequent ly .  I t  i s  
r e a s o n a b l e  t o  d e f i n e  t h e  homogenous l a y e r  parameters by e v a l u a t i n g  Equat ions  
( 3 3 )  and ( 3 4 )  a c r o s s  a homogenous l a y e r  i . e .  
and 
which y i e l d  
+ AFP. I o p t i c a l l y  t h i n  
'h=$( AFRIStrong + l i n e  (39) 
* I n  t h i s  c o n t e x t ,  a s t r o n g  l i n e  i s  de f ined  as one i n  which t h e  dominant 
r a d i a t i v e  energy  e v e n t s  occur  i n  s p e c t r a l  r e g i o n s  f a r  beyond t h e  l i n e  
h a l f  w i d t h ,  lv -v  I > >  Y. 
C 
15 
AFT 1 o p t i c a l l y  t h i n  
t h e  d e s i r e d  r e s u l t s  i n  t e r m s  of  p r o p e r t i e s  of  t h e  non-homogenous l a y e r  which 
can be eva lua ted  d i r e c t l y .  The f l u x  emanating from a homogenous l a y e r  t h e n  
becomes 
where W A ( X , , B , )  i s  t h e  homogeneous e q u i v a l e n t  wid th .  
A v a r i e t y  of  equa t ions  a r e  a v a i l a b l e  f o r  p r e d i c t i n g  t h e  e q u i v a l e n t  w i d t 5  
f o r  a homogenous l a y e r .  Of t h e s e ,  p o s s i b l y  t h r e e  are of  i n t e r e s t  t o  i n v e s t i -  
g a t o r s  s tudying  r a d i a t i o n  t r a n s p o r t  i n  t h e  c o n t e x t  of t h e  e n t r y  environment .  
Thus,  t h e  e q u i v a l e n t  wid th  of  an i s o l a t e d  l i n e  i s  g iven  by t h e  Ladenburg- 
3e i che  formula 
W+ = dPhL(Xh) ( 4 2 )  
where L ( X  ) i s  t h e  Ladenburg-Reiche f u n c t i o n ,  which can be  e v a l u a t e d  from well 
e s t a b l i s h e d  e x a c t  o r  s imple  approximate a n a l y t i c  r e l a t i o n s  (References  1 5  and 1 6 )  
o r  from t a b l e s .  The e q u i v a l e n t  wid th  o f  an Elsasser band c o n t a i n i n g  on ly  s t r o n g  
l i n e s  i s  given by 
h 
W+ = d erf(Bh $$) (43)  
w h i l e  t h e  e q u i v a l e n t  wid th  of a band c o n t a i n i n g  only  weak l i n e s  i s  
W+ = d [l - exp ( - B h X h ) I  ( 4 4 )  
where a weak l i n e  i s  d e f i n e d  as be ing  e i t h e r  o p t i c a l l y  t h i n  o r  ve ry  s t r o n g l y  
over lapped ,  a f t e r  P l a s s  (Reference  1 7 ) .  The r e g i o n s  o f  v a l i d i t y  o f  t h e s e  t h r e e  
complementary r e l a t i o n s  are p r e s e n t e d  i n  F i g u r e  3 ,  which i s  c o n s i s t e n t  w i t h  t h e  
recommendations of  P l a s s  (Reference 1 8 ) .  
Val id  es t imates  t o  t h e  r a d i a t i o n  f l u x  increments  from a r ea l  system can 
be made using Equat ions  ( 4 1 )  t o  ( 4 4 )  p rovided  t h a t  c e r t a i n  c o n d i t i o n s  are m e t .  
Thus,  Equat ions ( 4 2 )  and (43)  are v a l i d  on ly  where t h e  l i n e s  have a Loren tz  
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Figure 3. Regions of Validity for the  Equivalent Width Formulas 
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e v e n t s  can b e  s imula t ed  through t h e  us.e of  t h e  E l s a s s e r  model, a much more 
I r e s t r i c t i v e  c o n d i t i o n .  However, i t  i s  f e l t  t h a t  t h e s e  c o n d i t i o n s  shou ld  be 
s a t i s f i e d  o f t e n  enough f o r  r ea l  sys tems t o  make t h e  approach a u s e f u l  one .  
The e v a l u a t i o n  of t h e  govern ing  r e l a t i o n s  (Equa t ions  (33)  (34)  , (39)  , 
(40) ( 4 1 )  and ( 4 2 )  I (43)  , or ( 4 4 ) )  i s  s t r a i g h t - f o r w a r d  e x c e p t  f o r  t h e  eva lua -  
t i o n  of  @ F R l o p t i c a l l y  t h i n  and AFRls t rong  l i n e .  
r e q u i r e s  two i n t e g r a t i o n s  across t h e  l a y e r  f o r  each  node i n  space  where t h e  
f l u x  i s  t o  be e v a l u a t e d .  
t ransforming  Equat ion  (33)  t o  a c o o r d i n a t e  system measured from t h e  wa l l ,  y I  
+ + 
A s  w r i t t e n , e a c h  q u a n t i t y  
+ T h i s  e f f o r t  can  be reduced  f o r  A F L l o p t i c a l l y  t h i n  b y  
-rc(y) , t , (y )  , i . e .  
+ e T c i ~  y i Y e  I E d ( e  -t I S d y )  Y - Y i  Sdy ,i&-tc] 
Y i  ( A F L l o p t i c a l l y )  t h n  i = 0 0 
+ 
which need b e  e v a l u a t e d  on ly  once t o  y i e l d  t h e  @ F L ( o p t i c a l l y  t h i n  a t  all t h e  
s p a t i a l  nodes a c r o s s  t h e  l a y e r .  The i n t e g r a t i o n s  i n  Equat ions  ( 3 4 )  and (45)  
a r e  r e a d i l y  e v a l u a t e d  by assuming t h a t  t h e  l o g a r i t h m  of each  i n t e g r a n d  i s  a 
l i n e a r  f u n c t i o n  of  i t s  indepeni lent  v a r i a b l e  between a d j a c e n t  s p a t i a l  nodal  
p o i n t s .  
The govern ing  r e l a t i o n s  f o r  t h 2  r a d i a t i v e  f l u x  be ing  t r a n s p o r t e d  away 
from t h e  w a l l  are s i m i l a r  t o  t h o s e  p r e s e n t e d  h e r e  e x c e p t  € o r  components due t o  
w a l l  r e f l e c t i o n  and emiss ion  which w i l l  be d i s c u s s e d  subsequen t ly .  
Equ iva len t  Width o f  Wall Emission and R e f l e c t i o n  
The f l u x  increment emanating from t h e  w a l l  i n c l u d e s  components due t o  
w a l l  emis s ion ,  cont inuun r e f l e c t i o n  and l i n e  r e f l e c t i o n .  Of t h e s e ,  t h e  w a l l  
emis s ion  and continuum r e f l e c t i o n  components a r e  t r e a t e d  i n  a s t r a i g h t - f o r w a r d  
manner i . e .  
f o r  a w a l l  c h a r a c t e r i z e d  by a r e f l e c t i v i t y  rw, e m i s s i v i t y  EWand b l a c k  body 
emiss ive  power E . The l i n e  r e f l e c t i o n  canno t  be t r e a t e d  unambiguously under 
t h e  e x i s t i n q  assumpt ions ,  s o  it must be  modeled. 
W 
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Consider  t h e  f l u x  increment  i n c i d e n t  upon the w a l l  as be ing  made up of 
a two s t e p  model (see F igure  4 ) .  The l i n e  component ex tends  ove r  a f requency  
increment  Ww where 
I + 
+ 
and has  a s p e c t r a l  f l u x  of Tw - Fc . 
u s u a l  s p e c t r a l  f l u x  Fc and ex tends  ove r  t h e  e n t i r e  f requency  r ange ,  d .  
The continuum component c o n s i s t s  of  t h e  
+ W With 
t h i s  boundary c o n d i t i o n  
I 
t h e  o p t i c a l l y  t h i n  f l u x  increment  becomes 
A F ~  
where 
- FcI l  
S i m i l a r l y ,  t h e  s t r o n g  l i n e  f l u x  increment  becomes 
- Fc12 
where 
( 4 7 )  
19 
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A s  b e f o r e ,  t h e  o p t i c a l l y  t h i n  and s t r o n g  l i n e  f l u x  increments  can be  employed 
t o  d e f i n e  t h e  homogeneous l a y e r  f l u x .  Four r e l a t i o n s  are p o s s i b l e  f o r  d i f f e r i n g  
+ r a t i o s  of Ww, I1 and 12. 
+ + 
C a s e  1: I2 < Ww, I1 < Ww 
2 
'h = [e] 
I 2  C a s e  3 :  
I 
H - 
'h - H2Xh exp( - rc )  
Case 4 :  I2  
o p t i c a l l y  t h i n  
'h IT H 6 H 1 0  
l 2  [AF; I o p t i c a l l y  t h i n  LAF; I s t r o n g  l i n e  
AF, I o p t i c a l l y  t h i n  
H X exp(-Tc) 2 h  
( 4 9 )  




2 1  
where t h e  c o e f f i c i e n t s  are d e f i n e d  by 
H = ~ ~ ; j o p t i c a ~ y  - H~ 
t h i n  
(57)  
- 
H 2  = Eh - r W (Tw - Fc + - Fc 
W W 
H~ = r w +  Ww(Tw - Fc + )eXp(-Tc) 
W 
- 
H6 = Eh - Fc 
HIO = AFelstrong - H 5  
l i n e  
( 5 9 )  
and are used i n  t h i s  form f o r  a l l  cases. 
Equat ions ( 4 7 )  t o  ( 6 1 )  can be e v a l u a t e d  once t h e  s p e c t r a l  f l u x  i n c i d e n t  
The u s u a l  equiva-  + upon t h e  w a l l  and t h e  f requency  increment  Ww are e v a l u a t e d .  
l e n t  wid th  theo ry  y i e l d s  t h e  product  of t h e s e  two q u a n t i t i e s  b u t  n o t  t h e  q u a n t i -  
t i e s  themselves ,  so  new in fo rma t ion  must be  in t roduced .  This  i s  n o t  a d i f f i c u l t  
t a s k  f o r  a t r u l y  homogeneous l a y e r  as a s imple  r e l a t i o n  o f  t h e  form 
Tw - Fc + 2 ( E h  - Fc + )- 'h 
1 + Xh 
W W 
should  be adequate .  Note t h a t  Equat ion ( 7 0 )  i s  a s y m p t o t i c a l l y  c o r r e c t  f o r  bo th  
l a r g e  and s m a l l  va lues  of  Xh.  
f i c i e n t  accuracy t o  m e e t  t h e  p r e s e n t  r equ i r emen t s .  Equat ion  ( 7 0 )  w a s  a l s o  se- 
l e c t e d  f o r  t h e  g e n e r a l  nonhomogeneous c a s e .  I ts  accuracy  w i l l  depend on t h e  
e f f e c t i v e n e s s  of  t h e  fo rmula t ion  i n  t r ans fo rming  a nonhomogeneous l a y e r  i n t o  a 
homogeneous one .  Of c o u r s e ,  t h e  accuracy  of t h e  e n t i r e  approach i s  s t r o n g l y  
dependent  upon t h i s  t r a n s f o r m a t i o n ,  s o  t h a t  Equat ion  ( 7 0 )  showld n o t  be  viewed 
w i t h  any p a r t i c u l a r  mi sg iv ings .  
A t  i n t e r m e d i a t e  v a l u e s  o f  X it shou ld  be of  s u f -  h 
Having de f ined  t h e  l i n e  component of t h e  s p e c t r a l  f l u x  by Equat ion  ( 7 0 1 ,  
t h e  w a l l  f requency increment  i s  r e a d i l y  o b t a i n e d  from 
which completes t h e  two-step r e p r e s e n t a t i o n  of  t h e  w a l l  f l u x .  
2 2  
S e l e c t i o n  of t h e  Mean L ine  Spacing Parameter 
I n  an  E l s a s s o r  band, t h e  mean l i n e  spac ing  parameter  d r e p r e s e n t s  t h e  
d i s t a n c e  ( i n  ev) between t h e  c e n t e r s  of  a d j a c e n t  l i n e s .  T h i s  parameter  p l u s  
t h e  mean l i n e  s t r e n g t h  de te rmines  how much growth t h e  l i n e  can e x p e r i e n c e  
b e f o r e  i t s  f a r  wings begin t o  o v e r l a p  and i n t e r a c t  w i t h  t h e  f a r  wings of t h e  
o t h e r  l i n e s  i n  t h e  band. Of c o u r s e ,  an E l s a s s o r  band w i t h  i t s  e q u a l l y  spaced 
l i n e s  of e q u a l  s t r e n g t h  i s  o n l y  roughly similar t o  t h e  r e a l  s p e c t r a  which 
e x i s t s  i n  t h e  h i g h  tempera ture  plasmas o f  i n t e r e s t  h e r e .  Thus, t h e  s e l e c t i o n  
of  d must b e  made t o  make t h e  over lapping  of t h e  f a r  wings of  t h e  real  s p e c t r a  
look  a s  much l i k e  as p o s s i b l e  t h o s e  o f  t h e  l i n e s  i n  an E l s a s s o r  band. 
Consider  t h e  a b s o r p t i o n  c o e f f i c i e n t  a t  f requency  vk due t o  t h e  l i n e  
c e n t e r e d  a t  vi. Then 
where t h e  s t r o n g  l i n e  approximation vk  - v >> yi has  been invoked. A t  t h e  i 
same f requency ,  t h e  c o n t r i b u t i o n s  from a l l  t h e  o t h e r  l i n e s  i n  t h e  band i s  
S.Y. 
11 = 3- 
( 7 3 )  
If it  i s  p o s t u l a t e d  t h a t  s e r i o u s  wing over lapping  o c c u r s  when u k  = 
s i g n i f i c a n t  f requency s p a c i n g  parameter  can be o b t a i n e d  rrom Equat ions  ( T i )  
and ( 7 3 )  as 
a 
which was adopted as one-half  t h e  mean l i n e  s p a c i n g  f o r  t h e  ith l i n e ,  i . e . ,  
This  r e l a t i o n  i s  based  on s t r o n g  l i n e  approximations and w i l l  n o t  be v a l i d  
i n  t h e  weak l i n e  or o p t i c a l l y  t h i n  l i m i t s ;  o f  c o u r s e ,  t h e  d e t a i l s  o f  l i n e  
2 3  
over lapping  even t s  are n o t  impor t an t  i n  t h e s e  l i m i t s ,  so  t h i s  shou ld  n o t  
be  an impor tan t  l i m i t a t i o n  on i t s  a p p l i c a b i l i t y .  
The e v a l u a t i o n  of di w i th  Equat ion  (75)  i s  s t r a i g h t f o r w a r d  for r a d i a t -  
i n g  media which are Uniform S p a t i a l l y .  For  nonuniform r a d i a t i n g  media,  e i t h e r  
Equat ion  ( 7 5 )  must be e v a l u a t e d  a t  c o n d i t i o n s  co r re spond ing  t o  t h o s e  a t  a 
p a r t i c u l a r  s p a t i a l  p o i n t  o r  some type  o f  s p a t i a l  ave rag ing  must be  employed. 
I n  t h e  p r e s e n t  s t u d y ,  t h e  f i r s t  approach w a s  adopted  w i t h  t h e  d be ing  eva l -  
ua t ed  a t  y. 
i 
The Radia t ion  Transpor t  Program (RAD/EQUIL/1973) 
The e n t i r e  s o l u t i o n  procedure  has  been programmed f o r  t h e  UNIVAC 1 1 0 8  
and t h e  CDC 6600  and 7600  machines.  A d e s c r i p t i o n  o f  t h e  programs h a s  been 
p r e s e n t e d  e l sewhere  (Reference 1 9 ) .  T y p i c a l l y ,  t h e  e q u i v a l e n t  w id th  approach 
a l lows  a f a c t o r  of f o u r  i n c r e a s e  i n  computing speed .  The accu racy  of t h e  
e q u i v a l e n t  wid th  approach v i s -2 -v i s  t h e  f i n i t e  d i f f e r e n c e  approach w i l l  be  
d i s c u s s e d  i n  S e c t i o n  4.  
SECTION 4 
CALCULATIONS 
A m a t r i x  of t h e o r e t i c a l  p r e d i c t i o n s  has been o b t a i n e d  and i s  p r e s e n t e d  
i n  t h i s  s e c t i o n .  The o b j e c t  was t o  o b t a i n  a thorough unde r s t and ing  of t h e  
s t r e n g t h s  and weaknesses of t h e  e q u i v a l e n t  width approximat ion  a s  compared t o  
t h e  f i n i t e  d i f f e r e n c e  approximat ion .  To t h i s  end ,  c a l c u l a t i o n s  w e r e  made com- 
p a r i n g  t h e  f l u x e s  of (1) an i s o l a t e d  l i n e  emanating from a homogeneous l a y e r ,  
( 2 )  an i s o l a t e d  l i n e  p l u s  a s i g n i f i c a n t  continuum emanat ing from a homogeneous 
l a y e r ,  (3 )  an i s o l a t e d  hydrogen l i n e  p l u s  a s i g n i f i c a n t  continuum emanating 
from a homogeneous l a y e r ,  ( 4 )  an i s o l a t e d  l i n e  w i t h  a s i g n i f i c a n t  continuum and 
s i g n i f i c a n t  w a l l  r e f l e c t i o n ,  ( 5 )  a group of f i v e  i d e n t i c a l  l i n e s  i n  a l i n e  group 
emanating from a homogeneous l a y e r ,  ( 6 )  a case  i n c l u d i n g  20  l i n e  groups of 
va ry ing  f e a t u r e s  w i t h  t h e  f l u x  emanat ing from a nonhomogeneous l a y e r ,  and ( 7 )  
a g e n e r a l  case w i t h  20 l i n e  groups  and a nonhomogeneous l a y e r  w i t h  v a r y i n g  
e l emen ta l  composi t ion .  
I s o l a t e d  Line  i n  a Homogeneous Layer 
The p r e d i c t i o n s  are p resen ted  i n  Table I f o r  a r a d i a t i n g  l a y e r  w i t h  
o p t i c a l  p r o p e r t i e s  of 
E =  28 , 1 0 3  w a t t s / ( c m 2  - e v )  
Y =  0.0723 e v  
S = 8.42 x e v  - cm-' 
uc - 
V 
0 cm- ' - 
and where t h e  wid th  of t h e  l a y e r  i s  t r e a t e d  a s  a parameter .  For t h i s  problem, 
t h e  equ iva len t -wid th  approximation y i e l d s  exac t  p r e d i c t i o n s .  Thus, t h e  - 5 pe r -  
c e n t  comparison between t h e  two sets o f  p r e d i c t i o n s  should  be  viewed a s  a mea- 
s u r e  of t h e  t r u n c a t i o n  e r r o r s  i n h e r e n t  i n  t h e  f i n i t e  d i f f e r e n c e  approximat ion .  
I n  t h e  p r e d i c t i o n s  t o  be  p r e s e n t e d  subsequen t ly ,  a 5 p e r c e n t  comparison shou ld  
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I s o l a t e d  Line P l u s  a S i g n i f i c a n t  Continuum 
The p r e d i c t i o n s  are p r e s e n t e d  i n  Table  I1 f o r  a r a d i a t i n g  l a y e r  w i t h  op- 
t i c a l  p r o p e r t i e s  of  
- 3 1 , 3 2 6  w a t t s / ( c m 2  - e v )  
E V  - 
y = 4 .79  x e v  
S = 9.88  x e v  - cm- '  
= 2.02  x i o W 3  cm- '  
l-IC 
and where t h e  wid th  of  t h e  l a y e r  i s  t r e a t e d  a s  a parameter .  Observe t h a t  t h e  
l i n e  c o n t r i b u t i o n s  are l i n e a r  a t  t h e  s h o r t e s t  p a t h  l e n g t h s ,  r each  a maximum a t  
i n t e r m e d i a t e  p a t h  l e n g t h s ,  then  d e c r e a s e  t o  n e g l i g i b l e  v a l u e s  a t  t h e  l o n g e s t  
p a t h  l eng ths .  Thus, t h e  continuum and l i n e  r a d i a t i o n  do n o t  i n t e r a c t  s i g n i f i -  
c a n t l y  a t  t h e  s h o r t e s t  p a t h  l e n g t h s ,  whereas  t h e  continuum t o t a l l y  dominates  
t h e  r a d i a t i v e  e v e n t s  of  t h e  l a y e r  a t  t h e  l o n g e s t  p a t h  l e n g t h s .  The - 6 p e r c e n t  
comparison i n d i c a t e s  t h a t  t h e  p re sence  of a s i g n i f i c a n t  continuum should  cause  
a s l i g h t  d e g r a d a t i o n  i n  t h e  accuracy  of t h e  equ iva len t -wid th  approximat ion .  
O v e r a l l ,  t h e  comparison i s  viewed a s  s a t i s f a c t o r y .  
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TABLE I1 
HOMOGENEOUS LAYER WITH A SIGNIFICANT CONTINUUM 
4.8 . 7 7 4  I i 8 . 1  
7 . 7 4  i 8 .6  
I 




4 .7  1 2 .  
7 .6  ' 6 . 2  




I s o l a t e d  HydrGgen Line 
The p r e d i c t i o n s  a r e  p r e s e n t e d  i n  Table  I11 f o r  a r a d i a t i n g  l a y e r  w i th  op- 
t i c a l  p r o p e r t i e s  of 
2 8  , 103 w a t t s / ( c m 2  - ev)  7 c .  = -
V 
Y =  0 . 0 7 2 3  e v  
s =  5 . 1 6  e v  - c m - '  
pc  = 2 . 3 1  x cm-' 
and where t h e  wid th  of t h e  layer  i s  t r e a t e d  a s  a parameter .  Hydrogen l i n e s ,  w i t h  
t h e i r  l a r g e  wing spans  and d i s t i n c t i v e  shapes ,  should  be viewed a s  poor candi -  
d a t e s  f o r  t r e a t m e n t  w i t h  t h e  e q u i v a l e n t  width approximat ion .  Indeed ,  t h e  - 4 1  
p e r c e n t  comparison between t h e  e q u i v a l e n t  width and f i n i t e  d i f f e r e n c e  approxima- 
t i o n  f o r  t h e  l i n e  c o n t r i b u t i o n s  i s  poor.  Consequent ly ,  t h e  e q u i v a l e n t  width 
approximat ion  i s  n o t  g e n e r a l l y  recommended f o r  hydrogen l i n e s .  It  should  be 
observed ,  however, t h a t  t h e  two approximations are  i n  f a i r  agreement - 2 0  p e r c e n t  
as long  a s  t h e  l i n e s  are impor t an t  c o n t r i b u t o r s  t o  t h e  t o t a l  r a d i a t i o n  ( l i n e  p l u s  
continuum) of t h e  l i n e  group. This  p o i n t  i s  i l l u s t r a t e d  by t h e  numbers i n  paren-  
t h e s e s  i n  Table  I11 which i n d i c a t e  f a i r  accuracy - 1 4  p e r c e n t  f o r  t h e  c a l c u l a -  
t i o n  of t h e  t o t a l  r a d i a t i o n  a s s igned  t o  t h e  l i n e  group. Thus, one might  a rgue  
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t h a t  decent  estimates t o  even hydrogen l i n e  c o n t r i b u t i o n s  can be  o b t a i n e d  us ing  
t h e  e q u i v a l e n t  wid th  approximat ion .  
1500  
1 2 9 . 5  ~ 1 1 0 0  I 920 
700 540 
230 1 1 7 0  
6 4 
1 7 2 . 7  
2 5 9 . 1  
5 1 8 . 2  
TABLE I11 
1 1 . 7  
1 6 . 3  ( 1 3 . 9 )  
2 3 .  ( 6 . 3 )  
2 6 .  ( . 5 )  
33 .  (.001) 
HOMOGENEOUS LAYER W I T H  A HYDROGEN 
L I N E  AND A SIGNIFICANT C O N T I N U U M  
I s o l a t e d  Line  wi th  a R e f l e c t i n g  Wall 
The ? r e d i c t i o n s  are p r e s e n t e d  i n  Table  I V  f o r  a r a d i a t i n g  l a y e r  Sounc?ed 
on one s i d e  by a r e f l e c t i n g  w a l l .  The o p t i c a l  p r o p e r t i e s  of t h e  l a y e r  and w a l l  
are 
2 , 3 1 0  w a t t s / ( c m 2  - ev)  - - 
y = 2 .58  x ev  
s =  1 7 . 8 6  ev - c m - ’  
uic - 1 . 5  x cm-’  
- 
rw = 0 .6  
EW = 0 . 4  
and where t h e  width of t h e  l a y e r  i s  t r e a t e d  as a parameter .  P r e d i c t i o n s  are 
g iven  a t  varous  s p a t i a l  s t a t i o n s  (across t h e  l a y e r )  f o r  t h e  l i n e  f l u x  component 
d i r e c t e d  toward t h e  bow shock (away from t h e  w a l l ) .  The - 1 0  p e r c e n t  comparison 
between t h e  e q u i v a l e n t  wid th  and f i n i t e  d i f f e r e n c e  p r e d i c t i o n s  r e p r e s e n t s  some 
28  
TABLE IV 
HOMOGENEOUS LAYER FLUX WITH 
A REFLECTING WALL 
29 
a d d i t i o n a l  decay i n  t h e  accuracy  of  t h e  e q u i v a l e n t  w id th  approximat ion .  How- 
e v e r ,  t h e  comparison i s  viewed as be ing  s a t i s f a c t o r y .  
Homogeneous Layer  wi th  F ive  I d e n t i c a l  L ines  
The p r e d i c t i o n s  are p r e s e n t e d  i n  Table  V f o r  a r a d i a t i n g  l a y e r  w i t h  op- 
t i c a l  p r o p e r t i e s  of 
- 1 , 646 w a t t s / ( c m '  - e v )  
EL, - 
Y = 1 . 4 8  x e v  
s = 5 .4  x 1 0 - 4  e v  - c m - '  
v c  = 4 . 5  x 10-8 cm- '  
where t h e  f i v e  i d e n t i c a l  l i n e s  are e q u a l l y  spaced a c r o s s  a f requency  increment  
of 0 . 1  ev  and where t h e  wid th  of t h e  l a y e r  i s  t r e a t e d  as a parameter .  The 
l i n e  group responds as f i v e  i n d i v i d u a l  s t r o n g  l i n e s  a t  t h e  s h o r t e r  p a t h  l e n g t h s ,  
as an overlapped l i n e  system a t  t h e  larger  p a t h  l e n g t h s .  The - 8 p e r c e n t  maxi- 
mum d i f f e r e n c e  occur s  b e f o r e  ove r l app ing  e f f e c t s  become s i g n i f i c a n t  and can be 
a s s igned  t o  i n a c c u r a c i e s  which have been d i s c u s s e d  p r e v i o u s l y .  Thus,  t h e  e f -  
f e c t s  of  l i n e  ove r l app ing  do n o t  appear  t o  cause  s i g n i f i c a n t  decay i n  t h e  ac- 
curacy  provided t h a t  t h e  Elsasser  model i s  a r easonab le  r e p r e s e n t a t i o n  of  t h e  
a c t u a l  l i n e  g roup .  
TABLE V 
HOMOGENEOUS LAYER W I T H  F I V E  IDENTICAL LINES 
.1 
. 3  
1 . 0  
3 . 0  
1 0 . 0  
L ine  Flux Component 
a t  W a l l  ( w a t t s / c m * )  
Equ iva len t  
Width 
~- - 
3 . 7  
6 .4  
1 2 . 0  
20.0 
33.0  
F i n i t e  
D i f f e rence  
. ~~~. . ~. ~ . - 
3 . 6  
6 . 2  
1 1 . 0  
1 9 . 0  
3 2 . 0  
P e r c e n t  
Di f fe rence  
~ - 
2 . 7  
3 . 1  
8 . 3  
5 . 0  
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Nonhomogeneous L a y e r  w i th  R e a l  L ine  Groups 
The r a d i a t i n g  l a y e r  i s  taken  t o  have a wid th  of 1 . 3 3  c m  and thermodynamic 
p r o p e r t i e s  as d e s c r i b e d  i n  Table  V I .  There i s  assumed t o  e x i s t  a c o l d  b l a c k  w a l l  
bounding t h e  l a y e r  on i t s  low t empera tu re  s i d e  and a t r a n s p a r e n t  shock wave bound- 
a r y  on the  h igh  tempera ture  s i d e .  These a r e  viewed a s  be ing  t y p i c a l  of  t h e  in -  
v i s c i d  flow reg ion  about  a b l u n t  probe i n  t h e  Venus e n t r y  environment .  The op- 
t i c a l  p r o p e r t i e s  a r e  modeled i n  t e r m s  o f  20 l i n e  groups which are  d e s c r i b e d  i n  
t h e  appendix.  
The impor t an t  r e s u l t s  are p r e s e n t e d  i n  F igu res  5 and 6 ,  where t h e  f l u x e s  
toward the  w a l l  (F igu re  5 )  and toward t h e  shock wave ( F i g u r e  6 )  are p r e s e n t e d  as  
a f u n c t i o n  o f  s p a t i a l  p o s i t i o n  f o r  t h e  t o t a l  f l u x  and a number o f  t y p i c a l  l i n e  
groups.  The comparisons a r e  s a t i s f a c t o r y ,  be ing  w i t h i n  t h e  6 t o  7 p e r c e n t  r ange  
f o r  a l l  t he  impor t an t  l i n e  groups and f o r  t h e  t o t a l s .  Moreover, t h e  c a l c u l a t e d  
f l u x  a t  t h e  w a l l  i s  s t i l l  more a c c u r a t e ,  t h e  comparison be ing  w i t h i n  2 t o  3 per -  
c e n t .  The e q u i v a l e n t  wid th  p r e d i c t i o n s  t end  t o  be c o n s i s t e n t l y  h i g h e r ,  so  t h a t  
one can  assign some of  t h e  d i f f e r e n c e  t o  t r u n c a t i o n  i n  t h e  f i n i t e  d i f f e r e n c e  ap- 
proximation.  Indeed,  one might view t h e s e  p r e d i c t i o n s  as upper  and lower bounds 
on t h e  r e a l  t r a n s p o r t  e v e n t s .  
The computing t i m e s  f o r  t h e  UNIVAC 1 1 0 8  a r e  p r e s e n t e d  i n  Table  V I I .  
TABLE V I 1  
COMPUTING TIMES 
T i m e  




Continuum Rad ia t ion  
Line Rad ia t ion  8 2 . 3 4 3  7 . 0 8 2  
1 1 Total  I 9 0 . 1 1 9  1 1 4 . 8 5 8  I 
Thus, s u b s t a n t i a l  s av ings  i n  computa t iona l  e f f o r t s  can be  o b t a i n e d  f o r  a rela- 
t i v e l y  smal l  t r ade -o f f  i n  accuracy .  This  should  a l low e x i s t i n g  r ad ia t ion -coup led  
procedures  such  as  t h a t  of Su t ton  (Reference  1) t o  o b t a i n  comparable s o l u t i o n s  
f o r  s i g n i f i c a n t l y  reduced c o n p u t a t i o n a l  e f f o r t  o r ,  a l t e r n a t i v e l y ,  a l low cons ide r -  
a t i o n  of  a d d i t i o n a l  p h y s i c a l  e v e n t s  w i t h o u t  s i g n i f i c a n t  a d d i t i o n a l  computa t iona l  
p e n a l t y .  






















XOTE: The s o l i d  l i nes  
were calculated using 
the f i n i t e  difference 
approach, the points using 
the equivalent width 
approach. 
Group 10 
1 .o 0 0.25 0.50 0.75 
Spat ia l  posi t ion,  y f6  
Figure 5. Flux Directed Toward Wall 









rl9TC: The s o l i d  l i nes  were ca l cu la t ed  
using the f i n i t .  d i f fe rence  
approach, t he  points using the 
equi Val e n t  w i d t h  approach. 
Sroup 10 / 
1 2  
14 - 
0 0.2  0.4 0.6  0 . 8  1 . o  
Spa t ia l  Pos i t ion ,  y/6 
Figure 6 .  F l u x  Directed From Wall 
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Nonhomogeneous Layer w i t h  Varying Elemental  Composition 
The r a d i a t i n g  l a y e r  i s  t aken  t o  have a wid th  o f  1.452 c m  and thermo- 
dynamic p r o p e r t i e s  o b t a i n e d  from a thermodynamic e q u i l i b r i u m  c a l c u l a t i o n  and 
t h e  t empera tu re ,  p r e s s u r e s  and e l emen ta l  composi t ions  g iven  i n  Table  VIII. 
There i s  assumed t o  e x i s t  a c o l d  b l a c k  wa l l  on i t s  low t empera tu re  s i d e  and a 
t r a n s p a r e n t  shock wave boundary on t h e  h igh  t empera tu re  s i d e .  These are viewed 
as be ing  t y p i c a l  of t h e  s t a g n a t i o n  r e g i o n  shock l a y e r  a b o u t  an a b l a t i n g  probe 
i n  t h e  Venus e n t r y  environment. The o p t i c a l  p r o p e r t i e s  are modeled i n  t e r m s  
of 2 0  l i n e  groups ,  i n c l u d i n g  hydrogen l i n e s ,  which a r e  d e s c r i b e d  i n  Reference 
1 9 ,  under Sample Problem 5 .  
The impor t an t  r e s u l t s  are  p r e s e n t e d  i n  F igu res  7 and 8 ,  where t h e  f l u x e s  
toward t h e  w a l l  ( F i g u r e  7 )  and toward t h e  shock wave ( F i g u r e  8 )  a r e  p r e s e n t e d  
a s  a f u n c t i o n  of s p a t i a l  p o s i t i o n  fo> t h e  t o t a l  f l u x  and a number of t y p i c a l  
l i n e  groups .  Most of t h e  l i n e  groups show e x c e l l e n t  comparisons,  e s p e c i a l l y  
a t  t h e  lower f r e q u e n c i e s  (lower group numbers). Th i s  s u g g e s t s  t h a t  t h e  f i n -  
i t e  d i f f e r e n c e  and e q u i v a l e n t  width cou ld  be combined t o  good e f f e c t  f o r  cer- 
t a i n  t y p e s  o f  problems. However, t h e  l i n e  c o n t r i b u t i o n s  t o  t h e  f l u x  d i f f e r  
by abou t  1 4  p e r c e n t  a t  t h e  w a l l  and about  15 p e r c e n t  i n  t h e  i n t e r i o r ,  which 
i s  s a t i s f a c t o r y  f o r  most flow f i e l d  coupl ing  problems. The continuum c o n t r i -  
b u t i o n s  t o  t h e  f l u x  v a l u e s  a c r o s s  t h e  l a y e r  a r e  comparable t o  t h e  l i n e  c o n t r i -  
b u t i o n s ,  so  t h a t  t h e  a c t u a l  d i f f e r e n c e s  used i n  t h e  f low f i e l d  energy  equa t ion  
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NOTE: The s o l  i d  1 i n e s  were 
c a l c u l  a t e d  u s i n g  t h e  
f i n i t e  d i f f e r e n c e  approach, 
t h e  p o i n t s  u s i n g  t h e  
e q u i v a l e n t  w i d t h  approach.  
0 
Tota l  
wl S Group 9 0 
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4 -400 
0 .1 . 2  . 3  . i. . 5  .6 .7 . 8  ,9  1 . 0  
S p a t i a l  P o s i t i o n ,  y/6 
F i g u r e  7 .  F l u x  d i r e c t e d  toward w a l i  w i t h  l a y e r  o f  v a r y i n g  e lementa l  compos i t ion .  
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NOTE: The s o l i d  l i n e s  were c a l c u l a t e d  
u s i n g  t h e  f i n i t e  d i f f e r e n c e  
approach, t h e  p o i n t s  u s i n g  t h e  









S p a t i a l  P o s i t i o n ,  y / &  
F lux  d i r e c t e d  f rom w a l l  w i t h  l a y e r  o f  F igure  8. i a r y i n g  e lementa l  c o m p o s i t i o n .  
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SECTION 5 
CONCLUDING REMARKS 
A procedure  h a s  been developed f o r  t h e  e v a l u a t i o n  o f  t h e  l i n e  con t r ibu -  
t i o n s  f o r  an i n t e r e s t i n g  class of  r a d i a t i o n  t r a n s p o r t  problems. The fo l lowing  
p o i n t s  might  be  made i n  summary: 
e An e q u i v a l e n t  wid th  method h a s  been fo rmula t ed  which c o n s i d e r s  
continuum c o n t r i b u t i o n s  and w a l l  e f f e c t s .  
e A number of c a l c u l a t i o n s  have been performed t o  b u i l d  conf idence  
i n  t h e  method. 
e The comparisons wi th  t h e  f i n i t e  d i f f e r e n c e  procedure w e r e  a l l  
s a t i s f a c t o r y  wi th  t h e  p o s s i b l e  excep t ion  of  hydrogen l i n e s .  
e A s a v i n g s  of c o n s i d e r a b l e  computa t iona l  e f f o r t  should  be  p o s s i b l e  
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APPENDIX A 
TABULATED PROPERT I E S  
4 3  
4 4  
TABLE A. 1 (Concluded) 
+ l o .  0 
Spec ie  
H e  
H e  
H e  
H e  

















C e n t e r  



























~ 4 . 0  1 #12 
44.475 
1 #13 44.8 J 






-- - - 














































































TABLE A .  2 
DATA FOR HYDROGEN L I N E S  
6,562.8  
4 , 8 6 1 . 3 2  
4 , 3 4 0 . 4 6  
4 , 1 0 1 . 7 3  
46  
1 . 8 8 8 8  
2 . 5 4 9 9  
2 . 8 5 5 9  
3 . 0 2 2 1  
T r a n s i t i o n  L i n e  C e n t e r  
L o w e r - U p p e r  
Q u a n t u m  
N u m b e r s  
LYMAN S E R I E S  
3-4 (Pa) 1 8 , 7 5 1 .  0 . 6 6 1  1 8  
3-5 ( P S I  1 2 , 8 1 8 .  0 . 9 6 7 1  18 
3-6  (P,) 1 0 , 9 3 8 .  1 . 1 3 3 3  18 
1 , 2 1 5 . 6 7  
1 , 0 2 5 . 7 2  
9 7 2 . 5 4  
9 4 9 . 7 4  
9 3 7 . 8 0  
0 . 8 4 2 1  
0 . 1 5 0 6  
0 . 0 5 5 8 4  
S t a t i s t i c a l  
Weight of 
L o w e r  L e v e l  
911 
1 0 . 1 9 6 8  
1 2 . 0 8 5 2  
1 2 . 7 4 6 0  
1 3 . 0 5 2 0  
1 3 . 2 1 8 2  
BALMER S E R I E S  
O s c i l l a t o r  
S t r e n g t h  
f 
0 . 4 1 6 2  
0 . 0 7 9 1 0  
0 . 0 2 8 9 9  
0 . 0 1 3 9 4  
0 . 0 0 7 7 9 9  
0 . 6 4 0 7  
0 . 1 1 9 3  
0 . 0 4 4 6 7  
8 0 . 0 2 2 0 9  




4 0 , 5 1 2 .  
2 6 , 2 5 2 .  
7 4 , 5 7 8 .  
I 
OTHERS 
0 . 3 0 6  1 . 0 3 8  
0 . 4 7 2 2  0 . 1 7 9 3  
0 . 1 6 6 2  1 . 2 3 1  
1 I 
TABLE A. 3 
DATA FOR HELIUM LINES* 
Transition 
ls3s-ls3p (l P) 
ls3s-ls3p (3P) 




1~3d-ls4f ( 3F) 
ls3p-ls4d ( 3D) 
ls3s-ls4p ('PI 
ls3p-ls5d ('D) 
ls3d-ls5f ( IF) 
ls3d-ls5f ( 3F) 
ls3s-ls4p ( 3P) 
ls2s-ls2p ( 3P) 
ls2p-ls3s ( ' S )  
ls2p-ls3s ( 3s) 
ls3p-ls5d ( 3D) 
ls2p-ls3d ('D) 
1~2p-ls3d ( 3D) 
ls2s-ls3p ('P) 
ls2p-ls4d ('D) 
ls2p-ls4d ( 3D) 
ls2p-ls5d ('D) 
ls2p-ls6d ('D) 
ls2p-ls5d ( 3D) 
ls2p-ls7d ( ID) 
ls2s-ls4p ('P) 
ls2s-ls3p ( 3P) 
ls2p-ls6d ( 3D) 
ls2p-ls7d ( 3D) 
ls2s-ls5p (IP) 
ls2s-ls7p ( 'P) 
ls2s-ls4p (3P) 
ls2s-ls5p (3P) 
ls2s-ls7p ( 3P) 
ls2s-1~6~ ( 'P) 











































Per Free Temperature Oscillator 



















3 .  297-2 
(7.55- ' ) 
5.539-21 
1.220- O 
- 2 1  





























































































* 4 7  

































LINES AND LINE GROUPS FOR THE CON RADIATION MODEL 
Center 



































+ ' 6  
+ .8 
#2 +*811  .95 
+ * g 6 \ # 3  
t l . 2  
1 
b 4  
I 
t 1 . 4  



































































t 2 . 4  
t 3 . 5  1t7 
c3'4 >#8 
t 4 . 0  
4 . 0  
~ 8 . 0  J 
#11 
t 9 . 0  1 
4 8  









































































































































7 -  cr. l  















~ 1 3 . 4  i.'. 
~ 1 3 . 8  kg 
4 9  





5 0  





~ 1 4 . 5  
Center I Line Group 
I I I J 
XASA-Langley, 1975 CR-2528 
